Abstract. We prove that the Banach algebra formed by the space of compact operators on a Hilbert space endowed with the Schur product is a quotient of a uniform algebra (also known as a Q-algebra). Together with a similar result of Pérez-García for the trace class, this completes the answer to a long-standing question of Varopoulos.
In this paper, we consider the commutative Banach algebras formed by p-Schatten spaces for 1 ≤ p ≤ ∞ on the Hilbert space 2 endowed with the Schur product. In particular, we deal with the problem of determining if these algebras are quotients of a uniform algebra (Q-algebra).
The spectral theorem asserts that the space of compact operators on 2 , which we denote by S ∞ , consists of the operators A that admit a representation of the form
where (e i ) i and (f i ) i are orthonormal bases for 2 and the sequence (λ i ) i ⊂ R satisfies λ 1 ≥ λ 2 ≥ · · · ≥ 0 and lim i→∞ λ i = 0. The space S ∞ is endowed with the norm A = sup{| x, Ay | : x , y ≤ 1}. For 1 ≤ p < ∞, the Schatten p-norm of A is given by (Tr|A| p ) 1/p where |A| = (A * A) 1/2 . The p-Schatten space S p ⊆ S ∞ is the subspace of compact operators that have finite Schatten p-norm. Common examples of these spaces are the trace class S 1 and the Hilbert-Schmidt operators S 2 . The Schur product * (also known as the Hadamard product) is a continuous and commutative multiplication for S ∞ which is simply the entry-wise product when the elements of S ∞ are represented by matrices using the canonical basis for 2 . Endowed with the Schur product, p-Schatten spaces form the commutative Banach algebras (S p , * ). A commutative Banach algebra is said to be uniform if it is isometrically isomorphic to a closed subalgebra of C(K) the space of continuous functions on a closed Hausdorff topological vector space K. Definition 1. Let X be a commutative Banach algebra. Then X is a Qalgebra if there exists a uniform algebra Y and a closed ideal I ⊆ Y such that X is isomorphic, as a Banach algebra, to the quotient algebra Y/I. The most interesting feature of Q-algebras, discovered by Cole (see [Wer69] ), is that they are isometrically isomorphic to a closed (commutative) subalgebra of B (H), the algebra of bounded operators on a Hilbert space. In other words, Q-algebras are commutative operator algebras. In general, the converse is false [Var74] , but Tonge [Ton78] showed that it is true for every algebra generated by a set of commuting Hilbert-Schmidt operators when equipped with the regular matrix product.
Davie [Dav73] and Varopoulos [Var72] proved that the Banach algebra ( p , * ) is a Q-algebra for all 1 ≤ p ≤ ∞. Since the space of Hilbert-Schmidt operators is isometrically isomorphic to 2 it follows immediately that (S 2 , * ) is also a Q-algebra. Varopoulos [Var75] asked the natural question if the same is true for all non-commutative analogues (S p , * ).
Recently, progress on this question was made by Le-Merdy [LM98] and Pérez-García [PG06] , who proved that the property holds true for all 2 ≤ p ≤ 4 and 1 ≤ p ≤ 2, respectively. Mantero and Tonge [MT80] proved that (S ∞ , * ) fails to be a 1-summing algebra, which requires slightly stronger conditions than for being a Q-algebra. Nevertheless, in this paper we give a positive result for the high end of the spectrum. Corollary 2. For any 1 ≤ p ≤ ∞, the Banach algebra (S p , * ) is a Q-algebra.
The proof of Theorem 1 relies on a simple characterization of Q-algebras due to Davie [Dav73, Theorem 3.3] . We use a slight reformulation of it, as given in [DJT95, Lemma 18.5 and Proposition 18.6]. Let T denote the closed unit disc in C and for Banach space X let B X = {A ∈ X : A ≤ 1} denote the unit ball in X. For positive integers n, N let {1, . . . , n} N denote the N -fold Cartesian product of the set {1, . . . , n}. For complex tensor T : {1, . . . , n} N → C, we abbreviate the coordinates (i 1 , . . . , i N ) ∈ {1, . . . , n} N of T by I. We define the norm T ∞ to be
Theorem 3 (Davie). Let X = (X, ·) be a commutative Banach algebra. Then X is a Q-algebra if and only if there exists a universal constant K > 0, such that for every choice of positive integers n, N , complex tensor T : {1, . . . , n} N → C, and X-valued sequences A 1 , . . . , A N : {1, . . . , n} → B X , the inequality
holds.
We prove that (S ∞ , * ) satisfies Davie's criterion using a multilinear generalization of the famous Grothendieck inequality, due to Blei [Ble79] and Tonge [Ton78] (see also [Car80] ). The (complex) Grothendieck inequality [Gro53, LP68] states that there exists a universal constant K G such that for every positive integer n, complex matrix M ∈ C n×n and complex vectors x(1), . . . , x(n), y(1), . . . , y(n) in B 2 , the inequality
holds. Currently the exact value of K G is unknown, but it is known to be bounded as 1.3380 K G 1.4049. The lower and upper bounds on K G were proved by Davie [Dav84] and Haagerup [Haa87] , respectively.
For vector x ∈ 2 , we will denote by x , the number x, e , where e 1 , e 2 , . . . is a complete orthonormal basis.
The multilinear extension of Grothendieck's inequality we use replaces the matrix M by a complex N -tensor T , and the inner product of pairs of unit vectors by the multilinear form (the generalized inner product) on N -tuples of vectors x 1 , . . . , x N ∈ 2 given by
Theorem 4 (Tonge). For all positive integers n, N , every complex tensor T : {1, . . . , n} N → C and sequences x 1 , . . . , x N : {1, . . . , n} → B 2 , the inequality
This inequality was also used by Pérez-García [PG06] to prove that (S 1 , * ) is a Q-algebra.
Proof of Theorem 1: As for any > 0 and compact operator A there exists a finite rank operatorĀ such that A −Ā < , it suffices to show that Davie's criterion holds for finite rank operators. To this end, fix positive integers n, N , tensor T : {1, . . . , n} N → C and sequences of finite-rank operators A 1 , . . . , A N : {1, . . . , n} → B S∞ . Let H be the finite-dimensional Hilbert space spanned by the singular vectors of the operators
Let e 1 , . . . , e dim(H) be an orthonormal basis for H. For every define 1 = e 1 + · · · + e . Note that these vectors also form a basis for H. We stratify the vectors u and v by expanding them in terms of the vectors 1 :
This will enable us to use Theorem 4 in order to bound the right-hand side of Eq. (3). Note that we have
µ ν m min{ , m} ≤ 1, which follows easily from the fact that | u, v | ≤ 1 and 1 , 1 m = min{ , m}.
Claim 5. For every 1 ≤ , m ≤ dim(H), we have
Proof: Simply writing out the terms, gives
Note that each term in the double sum on the right equals
Suppose that ≤ m. Since the operators A k (i) satisfy A k (i) ≤ 1, we have that for each s, the sequence e s , A 
The case ≥ m is proved in the same manner. Using Claim 5 we can now bound the right-hand side of Eq. (3) by
where for the last inequality we used Eq. (4). This completes the proof.
Corrollary 2 now follows directly from the following two lemmas and the fact that both (S 1 , * ) and (S ∞ , * ) are Q-algebras. Pietsch and Triebel [PT68] characterized the p-Schatten spaces for the intermediate values 1 < p < ∞ via the complex interpolation method (see [BL76] for a detailed account).
Lemma 6 (Pietsch and Triebel). For 0 ≤ θ ≤ 1, denote by (S ∞ , S 1 ) [θ] the Banach space obtained via the complex interpolation method. Then, for
Varopoulos [Var72] proved that the property of being a Q-algebra is inherited under the complex interpolation method if it holds for both parent algebras.
Lemma 7 (Varopoulos). Let (X 0 , X 1 ) be a compatible pair of complex Banach algebras. For 0 < θ < 1, denote by (X 0 , X 1 ) [θ] the Banach algebra obtained via the complex interpolation method. If X 0 and X 1 are Q-algebras, then (X 0 , X 1 ) [θ] is a Q-algebra. 
